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Abstract: 
We propose an optimization method to design an elongated three-axes magnetic field generator 
with given criteria specified over a large volume. The approach is based on the field expansion in 
Spherical Harmonics and Tchebychev polynomials, for noncircular symmetrical coils arrangement.  
We developed a specific tool, to get a “flat” or a given "equal-ripple" solution, over a chosen 
length. The parameters to be defined are: dimensions, coil positions and Amp-turns, associated with 
the different axes. Once these parameters have been computed, a program predicts the field for the 
whole structure. 
A major interest of using such a method lies on the fact that, once the true optimal solution is 
found, any deviation from theoretical results (for instance building inaccuracy) can be compensated by 
adjustment of any other design parameters (i.e. current), restoring the initial homogeneity. 
This method has been successfully applied to the simulator of the Magnetic Metrology 
Laboratory for Low Field (Laboratoire de Métrologie Magnétique en Champ Faible in French). The 
experimental results correspond to the theoretical computation. 
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   Noncircular coils field Expansion, Tchebychev polynomials. 
 
1. Introduction 
The Magnetic Metrology Laboratory 
for Low Field – MMLLF - ( LMMCF in 
French) is an experimental facility 
conducting research and measurements in 
the area of very low magnetic fields 
(typically under 1nT of noise). For this 
purpose, we need a magnetic environment 
simulator able to compensate local earth 
field and create any field between ± 50 000 
nT. The homogeneity and accuracy must be 
better than 10
-3
 on the largest usable volume 
within the dimensions of the building 
(27m*9m*9m). To reach this goal, we 
decided to design a tri-axial set of coils, 
respectively: • longitudinal simulator or L coils(Y axis, 
N-S) • vertical simulator or V coils (Z axis) • transversal simulator or T coils (X axis, 
W-E). 
The theoretical homogeneity must be 
close to 10
-4
 over the largest volume. 
To define and optimize the field 
uniformity of such set of coils, two basic 
approaches can be considered: • The first one uses interactive computer 
programs to improve an initial coil 
configuration by trials and minimization 
of errors. Here, the objective function 
must take in account the desired 
homogeneity on the volume and 
geometrical constraints due to the 
building. For example it can be the sum 
of the squares of the field deviations on 
particular points selected by the designer 
[1]. This method’s success bases strongly 
on the experience and the intuition of the 
designer, and the choice of the starting 
point (“the seed”) is very important. A 
bad choice can drive the optimization 
function toward a local minimum which 
presents no interest. • The second approach uses analytical 
methods. One usual way consists in a 
field expansion of spherical harmonics. 
This design method developed in the 
1950’s was widely used in NMR 
experiments and became standard in the 
shimming of MRI scanner [2]; it gives a 
“flat” response by cancellation of 
successive derivatives at the center of 
symmetry [3][4]. However, for a prolate 
volume where a small “ripple” is 
allowed, this method is less efficient and 
Tchebychev polynomials expansion is 
preferentially used because they 
approximate a function over the greatest 
length with a minimum pk to pk error or 
“equal-ripple”. This technique was first 
introduced by CARTER [5] for the 
design of coils and recently shown again 
by M. LEIFER [6]. CARTER mentioned 
also that spherical harmonics solution 
could be obtained from Tchebychev 
expansion, by letting the specified range 
converge toward zero. 
2. The longitudinal field simulator 
When starting the project, we decided 
to use hexagonal coils for the L simulator. 
This geometry is closed to the circular one 
that gives the lower ripple for equivalent 
surface and space between coils [7]. Besides 
it is also well integrated within the roof and 
the bottom of the building especially 
designed. In order to keep clear the median 
vertical plane, interesting for sensors 
location, we also chose an even number of 
coils, arranged symmetrically with respect 
to the origin. Thus, we have a set of equal 
coaxial coils to provide a field with a given 
uniformity on the maximum length. The 
parameters of this system are adjusted 
according to the method. 
The number of coils is determined 
with respect to the minimal specified pk to 
pk error. If the expected homogeneity is not 
reached after optimization, coils number is 
increased. 
2-1 Tchebychev polynomials expansion 
The field generated on its axis by a 
regular polygonal coil of n sides, inscribed 
in a circle of radius a, at a distance d and 
supplied by a current I, is: 
( ) ( )2222y dya )n/sin(*dyk nak*2IH −+−+= ππ  (1) 
with n=6 and k=a*cos(π/6) for the 
hexagonal coil [8] - (fig. 1). 
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Fig. 1: Hexagonal Coil. 
The addition of several coils gives rise 
to a ripple on the axis. The expression (1) 
may be expanded in series of equal-ripple 
functions as Tchebychev polynomials. The 
position and current may be adjusted to 
cancel the successive coefficients. So, the 
axial field will be homogeneous within the 
high-order terms, which are negligible, 
provided they decrease in magnitude. 
Tchebychev polynomials are given by: 
Tn(x)=cos(n*arc cos(x)) for -1 ≤ x ≤ 1 (2) 
They are orthogonal when integrated 
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As a consequence of this property, it is 
possible to expand a function f(x) within the 
range [-1;1] as a serie of Tchebychev 
polynomials: 
 f(x)= t0+t1*T1(x)+t2*T2(x)+…. (4) 
Where: 








n  ∫− −= π    for n≠0 (6) 
For an hexagonal coil pair at y = ± d and for 
a= 1, the field is: ( )( )( ) ( ) ( )( )( ) ( )  +++++−+−+= 222222 dy1*dyk 6/sin*k*I*12dy1*dyk 6/si*k*I*12Hy ππ       n     (7) 
If L is the half-length where the ripple has to 
be minimized, we make the substitution 
y=L*x and cosθ=y/L to expand Hy(y,d) over 
[-L;L]; expressions (5) and (6) become: 
 ( ) θθπ π d)d,cosL(H1dt 0 y0  ∫=  (8) 
 ( ) θθθπ π d)ncos(*)d,cosL(H2dt 0 yn  ∫=  (9) 
Let’s take a double pair of hexagonal 
coils as an example (figure 2). By symmetry 
of the system with respect to the origin, the 
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Fig. 2: System with two pairs of coils. 
By choosing a unity current (I1=1) in 
the middle pair of coils, only three 
parameters must be adjusted: I2, d1 and d2. It 
means that we will be able to minimize three 











B2, B4 and B6 represent the residual error on 
the field. We chose to minimize the function 
f, sum of the quadratic deviations associated 
with the Tchebychev polynomials of order 








2-2 Application to the L coils  
To obtain the equal-ripple allowed on 
the length expected, the above mentioned 
method leads to install 7 pairs of coils (see 
further down). It means that 13 parameters 
have to be adjusted: 6 currents (I2,…I7) and 
7 distances (d1,d2,…d7). We must obtain the 
simultaneous cancellation of the 13 






To find the optimum, we have to minimize 









A direct use of traditional optimization 
algorithms for a system of nonlinear 
equations with 13 unknown is not obvious 
and it takes too much computation time. 
Moreover the convergence zone is very 
restricted for such a set of parameters. 
To improve the solution, we will 
proceed in two steps. In a first step, starting 
from an initial set of parameters (d1,……d7) 
we can notice that half of the coefficients 
can be determined by solving in a linear way 
the system: 

























This 6 equations and 6 unknowns (I2,...,I7) 
system is solved in a traditional way, by 
matrix inversion. We get the current values 
for which 6 coefficients (B2 to B12) are 
cancelled. Half of the problem is already 
solved very easily and the “target” function 
remaining to be optimized is now: 





We obtain the optimal values for 
(d1,...d7) by minimizing expression (13) with 
available standard algorithm (optimization 
toolbox MatLab). Furthermore, the t2n(d) 
coefficients are more efficiently calculated 
by using a Gauss-Legendre quadrature 
approximation instead of integrating 
expression (9) [9]. 
There is only one optimal solution; we 
call “the canonical solution”. This solution 
is the best one because any deviation from 
the theoretical results does not change in a 
significant way the field homogeneity. 
As mentioned above, in the first step, 
we have to start with an initial set for 
(d1…dn). With a low number of coils, the 
choice for this initial set is not critical and 
we have a large length range available that 
gives us the canonical solution. When the 
coil number is increasing, some local 
minimum due to a bad set could give 
unstable solutions and it is not realistic to 
directly optimize a system with 7 pairs of 
coils. We first apply this method to a double 
pair of coils whose the results are used as 
“initial set” for 3 pairs of coils, and so on, 
until the imposed ripple is reached. 
The progression toward the result is 
summarized in table 1. 
 Number of pair of coils - L=2.65 
2 3 4 5 6 7
D1 0.8678 0.58 0.4352 0.3482 0.2782 0.2371 
D2 2.4133 1.665 1.2731 1.0277 0.8273 0.7061 
D3  2.6965 2.0408 1.6643 1.3572 1.1637 
D4   2.8754 2.2667 1.8657 1.61 
D5    3.0075 2.3793 2.0495 
D6     3.0763 2.511 
D7      3.176 
Table 1: Results from 2 to 7 pair of coils. 
With 7 pair of coils, we got the 
expected uniformity (<2 10
-4
) on the 
maximum length (L=2.65). The distances d1 
to d7 are in normalized units, compared to 
the radius of the circle inscribed within the 
hexagon (a=1). Fig.3 represents these 
results and shows how it is possible, step by 
step to found the canonical solutions when 
increasing the number of coils. 
Number  of  pair of coils
Coil’s Position (d)








Fig. 3: Coils position (normalized unit). 
The parameters (7 distances and 6 
currents) of the LMMCF simulator 
corresponding to the optimal (canonical) 
solution are given in table 2 (normalized 
units). 
Pair N° 1 2 3 4 5 6 7
Distance 0.237 0.706 1.164 1.61 2.05 2.511 3.176 
Current 1.000 0.981 0.959 0.942 0.950 1.098 2.378 
Table 2: Canonical Solution for LMMCF 
(7 currents and 7 distances, L=2.65). 
Fig.4 gives the relative homogeneity of the 
field along the Y axis. 
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Fig. 4: Relative Field Homogeneity 
(Canonical Solution). 
L is the half-optimization length from the origin. 
Vertical axis represents the relative homogeneity 
variation from the origin. 
N.B For a set of n coils, the canonical 
solution leads to n field oscillations, 
regularly decreasing over the optimization 
length. This characteristic belongs only to 
the canonical solution making it a good way 
to discriminate from sub-optimal solutions. 
2-3 Final design 
For simplicity and stability, all the 
coils are connected in series and supplied by 
a bipolar generator such as only one current 
has to be controlled. The six inside pairs of 
coils carry the same number of Amp-turns ; 
the two end coils are identical but with a 
different number of Amp-turns. Considering 
this configuration, only 9 parameters must 
be adjusted - 2 currents and 7 positions-. 
Table 3 gives the new parameters of the 
optimal solution for the final realization: 
Pair N° 1 2 3 4 5 6 7
Distance 0.249 0.733 1.219 1.704 2.185 2.658 3.25 
Current 1 1 1 1 1 1 2.14 
Table 3: Optimal Solution for final realization 
(2 currents and 7 positions) L=2.65 
These results are slightly different 
from canonical solution and the field 
homogeneity is compared in Fig. 5. 
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Fig.5: Field homogeneity for the two solutions. 
We can notice that the number of 
oscillations is only six instead of seven, 
which confirm that this optimal solution is 
not the canonical solution (previous N.B). 
However, as we started from the canonical 
set for (d1,…d7) defined on table 2, the field 
homogeneity is slightly decreased but the 
ripple specification is still respected over the 
required length. 
Finally, the longitudinal simulator 
consists of 14 coils connected in series with 
the positions and Amp-turns ratio defined in 
table 3 (standardized units). 
3. Vertical and transversal simulator  
Once the main longitudinal simulator 
has been determined, we must define the 
coils set for the two perpendicular directions 
(vertical and transversal). The basic shape 
will be the same and consists of several 
rectangular loops whose length and width 
are close to those of the building. The 
structure for V or T simulator is the same, 
except it’s rotated by 90°, so this enables us 
to study only one set. 
While for the L coil set, the ripple is 
only optimized along the Y axis, (the off-
axis homogeneity then depends of the outer 
circle radius), for V or T we have to take 
into account two directions for each one:  along the axis normal to the loop (Z for 
V and X for T) which define an 
homogeneity in the vertical median plan  parallel to the plane of the loop, on the 
Y axis. 
3-1 Homogeneity in the vertical plane 
In a first step, let us consider a system 
with infinite wires. We have to determine 
the number of infinite wire pairs, giving us 
the homogeneity required over the 
maximum length along the axis in a vertical 
plane perpendicular to these wires. 
Using spherical harmonics [3], we 
express the field of an infinite wire as a 
development of the nth derivative in Taylor 
series about the origin. This development 
allows optimization of positions and 
currents for infinite wires in a cross section, 
by cancellation of even successive 
derivatives. 
Results are given in Fig.6 and table 3. 
T2, T4 or T6 type means that derivatives are 



















Fig. 6: Disposition of infinite wires in a 






I Value ± π/3 1 T2 0.18*R 2 
xxxxxxxxxxxxx Xxxxxx± π/4 √2 
T4 
0.32*R 3 π/2 1 ± π/5 1 
T6 
0.42*R 4 ± 2*π/5 0.618 
Table 4: Optimal conductor location and 
Amp-turns vs number of infinite wire pairs 
The T4 design has been chosen 
because it’s the only one witch allows to use 
the 45° support for both, vertical and 
transversal simulator. It needs a ratio 2  
between the mid coil current, and the upper 
and lower ones. 
As mentioned earlier, these results 
come from the optimization using infinite 
straight conductors. They concern only the 
homogeneity along the normal axis of the 
loops and lead to the simplest structure with 
3 rectangular coils, as shown in fig. 7. 
This elementary layout gives the 
expected results along the Z axis, however 
on longitudinal direction Y, the terminal 
segment effects limit the homogeneous 
length and they must be taken in account. 
xyz
 
Fig. 7: Elementary structure for the vertical 
or transversal (rotated by 90°) simulator. 
One way to reduce these effects is to 
split the end segments of median coil into 
two parts and push back those of side coils. 
The modified main structure of V simulator 
with horse saddle shape for each coil, is 


















Fig. 8: Modified V simulator structure 
with horse saddle. 
Choosing a horse saddle shape for the 
coils, brings up several advantages:  access in the simulator is much easier 
than with a straight connection in the 
horizontal plane, especially for median 
coil.  field homogeneity on median 
longitudinal axis is also increased.  moreover, with hexagonal ends, the 
same frame as the longitudinal 
simulator is usable and both coil sets (V 
ant T) will be fitted with L coils. 
3-2 Longitudinal Y axis optimization 
Although horse saddle shape with 
hexagonal ends provides a better 
homogeneity than rectangular loops, this 
partial improvement is not sufficient to meet 
the specifications along the Y axis. 
To increase significantly this 
homogeneity length, we install additional 
coils similar to the main one, as shown in 
Fig. 9. 
Main coils
Upper set of coils













Fig. 9: 1/4 of the complete V simulator. 
These additional coils produce a ripple 
along the Y axis. By adjusting the positions 
and the Amp-turns of each coil with the 
Tchebychev polynomial expansion method, 
we minimize this ripple. 
The system, with 5 unknown 
parameters -2 currents and 3 positions- is 
solved in the same way as for the 
longitudinal simulator. Only expression (7) 
for the field is modified to the right one 
corresponding to a multi segments coil [8]. 
The results of this optimization are 
given in table 5: 
I1 I2 I3 d1 d2 d3
Median coil 1 2,358 163,5 0,846 1,661 3,558
Sym. coils 1 2,471 177,4 0,819 1,622 3,554
PositionsCurrent(A/T)
 
Table 5: Optimal solutions for vertical 
simulator (L=2). 
The geometry of the upper and lower 
ends is not the same as the median one, so 
we obtain two sets of positions and currents. 
There is only a slight difference between the 
two sets. In order to simplify the 
construction, we took the average of the 2 
values, after verifying it had no effect on the 
overall homogeneity. 
4. Theoretical and experimental results. 
The components of the local earth 
field are: 
HL:20700nT; HV: 40400nT and HT<100nT 
For hexagonal coils with 4m sides 
(a=4) and to create a field of ± 50 000 nT, 
the final parameters for the field simulator 
are summarized on the tables 6 and 7, 
respectively for L and V coils. 
Pair N° 1 2 3 4 5 6 7 
Distance 
(in meter) 
0.977 2.930 4.878 6.818 8.740 10.632 12.977 
Amp Turn 14 14 14 14 14 14 30 
Table 6: L simulator (real units with a=4). 
For the V simulator, the upper and lower 
coils (or side coils for T) are located at 45°, 
on the side of the hexagon, so the distance to 
be considered is 3,69m (a’=3,69) 
d3 fixed
R=3,69 I1 I2 I3 d1 d2 d3
Practical 
Design
1 2,415 170,59 3,074 6,060 13,134
Distance for Pair N°Currant(A/T)
Table 7: V simulator(real units for a’=3,69) 
4-1 Field verification 
Once the geometry and the Amp-turns 
of the simulator have been determined, an 
another program using the Biot and Savart 
law, computes the field created by each axis 
(or by the complete three-axes simulator). 
As an example, Fig. 10 and 11 give 
the results for the field along Y axis, for L 
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Fig. 11: Field along the Y axis for V 
simulator. 
The residual ripple meets our 
requirements, i. e. lower than 2.10
-4
. 
The designed homogeneity along all 
the axes of this three-axial simulator (9 
terms) is summarized in table 8. 
Simulator Y Axis X Axis Z Axis
L
   1% on 23 m     
< 3*10-4 on 21 m
   1% on 4 m       < 
3*10-4 on 2 m
   1% on 4.2 m     
< 3*10-4 on 2 m
V
   1% on 18 m     
< 2*10-4 on 15 m
   1% on 3.2 m     
< 2*10-4 on 1.8 m
   1% on 3.6 m     
< 2*10-4 on 1.8 m
T
   1% on 18 m     
< 2*10-4 on 15 m
   1% on 3.6 m     
< 2*10-4 on 1.8 m
   1% on 3.2 m     
< 2*10-4 on 1.8 m
Field Homogeneity
 
Table 8: Field Homogeneity on the 3 axis. 
4-2 Measurements 
The magnetic simulator has been built 
in accordance with the geometry defined 
thanks to this optimization and is now in 
use. 
The first experimental measurements 
gave excellent results, very close to the 
predicted one (ripple <2 10
-4 
on a 15m 
length ) 
As an example; Fig. 12 shows the 
measured field created by the horizontal 




Fig. 12: Axial homogeneity for L Coils. 
This measurement has been done with 
a fluxgate sensor; fixed on a cart moving along 
Y axis. We present only a length 5.5 m but the 
homogeneity is the same over 20 m. 
The field created by L coils was close 
to 20700 nT, such as to compensate horizontal 
component of local earth field. The measured 
homogeneity reach 2.3 10
-4
 (4 nT/20700 nT). 
5. Conclusion 
An analytical approach to optimize the 
design of a three-axes magnetic field 
simulator has been described. This method, 
using Spherical harmonics and Tchebychev 
polynomial expansion gives us a flat or an 
equal-ripple solution we called “canonical 
solution”. 
When increasing the coils number, the 
program developed is really efficient to 
minimize this ripple, in order to satisfy 
given specifications. 
Moreover, the complementary program 
predicting the air coils field in all the space 
is very useful to check the theoretical results 
given by the optimization routine. 
By applying these tools to our simulator, 
we obtained the required homogeneity, i.e. 
lower than 2.10
-4
, in a large volume 
(1,6m*1,6m*15m). 
The experimental measurements have 
validated the method and the theoretical 
results. 
We have now a flexible tool, enable us 
to design any air coils structure, in order to 
satisfy given criteria. 
As a final remark, Tchebychev 
polynomials method could be taken into 
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